Because botanical taxonomies are prototypical classifications it would seem that it should be easy to formalize them as concept lattices or type hierarchies. On closer inspection, however, one discovers that such a formalization is quite challenging to obtain. First, botanical taxonomies consist of several interrelated hierarchies, such as a specimen-based plant typology, a name hierarchy and a ranking system. Depending on the circumstances each of these can be primary or secondary for the formation of the taxonomy. Second, botanical taxonomies must comply with botanical nomenclature which follows a complicated rule system and is historically grown. Third, it may be difficult to design a formalization that is both mathematically appropriate and has a semantics which matches a taxonomist's intuition. The process of formalizing botanical taxonomies with formal concept analysis methods highlights such problems and can serve as a foundation for solutions.
Introduction
Biological taxonomies are often regarded as prototypical examples of classifications. First, it is usually assumed that taxonomic classes are defined using precise characteristics in the form of biological criteria that can be measured or in the form of specimen sets that are precisely grouped. Second, classes are usually non-overlapping with clear boundaries. Characteristics are usually non-gradual, i.e., they are either true or not true for an object that is to be classified. There is no grey-zone where a characteristic might apply only to a certain degree. Third, the classification usually forms a tree-hierarchy.
Given this assumed nature of biological taxonomies, it should be straightforward to formalize them as concept lattices in the sense of formal concept analysis. On closer inspection, however, one discovers that even biological taxonomies are more difficult to formalize than it might appear on first sight. This is demonstrated using the example of botanical taxonomies in this paper.
Botanical taxonomies are historically grown objects, which do not necessarily follow a simple construction principle. There are a variety of influences and contributing systems. For example, there are several separate hierarchies that contribute to the formation of a botanical taxonomy. These are a specimen-based plant typology (also called a "classification"), a name hierarchy and a ranking system. Each of the three is described in section 2. The notion of "taxonomy" usually refers to a combination of a classification with a name hierarchy. A taxonomy consists of "taxa" (singular: "taxon").
Section 3 provides a short introduction to the basic terms of formal concept analysis. But it is assumed in this paper that the reader is already somewhat familiar with formal concept analysis. If not, the reader is referred to Ganter & Wille (1999) . Section 4 provides a short description of the Prometheus Project (Pullan et al., 2000) , which is based on an object-relational modeling of taxonomies. Section 5 discusses some of the advantages and challenges involved in formalizing taxonomies with formal concept analysis. Section 6 considers the dynamic nature of botanical taxonomies and the notion of "closure systems". Section 7 provides the details of the formalization of taxonomies with formal concept analysis and Section 8 discusses some problems involved in applying a ranking system to a combination of multiple taxonomies.
Three Hierarchies in Botanical Taxonomies
A specimen-based plant typology (or classification) is created by taxonomists who group the specimens that they are interested in according to characteristics that can be identified for these specimens. This corresponds to a formal context in formal concept analysis which has specimens as objects and characteristics as attributes. (Although the ranking system must be included in such a formal context and it is actually not practical to use characteristics as attributes. See below for details.) One problem is that because of the size of modern taxonomies and the fact that usually many taxonomists contribute to a classification, it is difficult to oversee a single classification. Other problems are mentioned by Pullan et al. (2000) who state that classifications must cope with "historical data, newly described taxa, new revisions and conflicting opinions".
The second component of taxonomies is a name hierarchy. Name hierarchies are based on a strict nomenclature, "the International Code of Botanical Nomenclature" (Greuter et al., 1994) ), which is called "the Code" in the rest of this paper. Unfortunately, because both name hierarchies and the nomenclature are historically grown and the Code is a very complicated rule system, there is no simple mapping from any specimen-based plant typology to any name hierarchy. Names are only valid within the context in which they are published. That means that a single name can refer to different specimens in different taxonomies. For example, the family of "lilies (Liliaceae)" includes "asparagus" in some taxonomies, whereas in others it does not. Furthermore, a single specimen may have different names in different taxonomies. Names above "genus" are formed differently from names below or at genus level. Names depend on rank. For example, the same specimen "Eriogonum umbellatum var. subaridum" at the variety rank, is called "Eriogonum umbellatum subsp. ferrisii" at the subspecies rank and "Eriogonum biumbellatum" at the species rank (Reveal, 1997) . There are also rules of historical authorship. Usually the first published name for a taxon should be used. But there are cases where publications are "forgotten" and then rediscovered (Reveal, 1997) . In this case, the Code may specify exceptions to the normal rules and state explicitly which names are to be used in preference.
The ranking system contains the ranks "variety", "species", "genus", "family" and so on. The same ranking system is used in principle for all taxonomies. That means that no taxonomist can invent new ranks. But not all taxonomies must have all ranks. For example, the rank of "subspecies" may not always be used. As mentioned above, names depend on ranks. But even classifications depend on ranks. The lowest common supertype of two specimens can occur at different ranks in different classifications.
